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We study the quantum dynamics of a supersymmetric squashed three-sphere by dimensionally reducing (to 
one timelike dimension) the action of _D = 4 simple supergravity for an 50 (3) -homogeneous (Bianchi IX) 
cosmological model. The quantization of the homogeneous gravitino field leads to a 64-dimensional fermionic 
Hilbert space. The algebra of the supersymmetry constraints and of the Hamiltonian one is found to close. One 
finds that the quantum Hamiltonian is built from operators that generate a 64-dimensional representation of the 
(infinite-dimensional) maximally compact sub-algebra of the rank-3 hyperbolic Kac-Moody algebra AE^. 
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One of the key challenges of gravitational physics is to 
understand the fate of space-time at spacelike (cosmologi- 
cal) singularities, such as the big bang singularity that gave 
birth to our universe. A novel way of attacking this prob- 
lem has been suggested a few years ago via a conjectured 
correspondence between various supergravity theories and 
the dynamics of a spinning masslessparticle on an infinite- 
dimensional Kac-Moody coset space [l|-3]. Evidence for such 
a supergravity/Kac-Moody link emerged through the study a 
la Belinskii-Khalatnikov-Lifshitz [J] of the structure of cos- 
mological singularities in string theory and supergravity, in 
spacetime dimensions 4 < £) < 1 1 Jg-fa] . 

The aim of this Letter is to clarify the occurrence of hidden 
Kac-Moody structures in simple supergravity, within a setting 
which goes beyond previous work both by being fully quan- 
tum, and by taking completely into account the crucial nonlin- 
earities in the fermions that allow supergravity to exist. On the 
other hand, our framework will simplify the cosmological dy- 
namics by working within a supersymmetric minisuperspace 
model, namely a Bianchi IX one. Though the quantum the- 
ory of supersymmetric minisuperspace models has attracted 
the interest of many authors ll9l-[l3ll , we shall give here, for 
the first time, a complete description of all the physical states 
of the supersymmetric Bianchi IX model. 

Our formalism is a generalization of the formalism we used 
in Ref. Ill4ll to study the quantum dynamics of Einstein-Dirac 
Bianchi universes. It differs from the formalisms used in pre- 
vious works il5lll6n in describing the gravity degrees of free- 
dom entirely in terms of the metric components g^^. We use 
the symmetry properties of Bianchi models to uniquely deter- 
mine a specific vielbein /i" (with g^^ = 77^ a h" h^^) as a 
local function of g^i^. In other words, we gauge-fix from the 
start the six extra degrees of freedom contained in h" that 
could describe arbitrary local Lorentz rotations. This gauge- 
fixing of the local SO{3, 1) gauge symmetry eliminates the 
need of the usual formalisms to impose the six local Lorentz 
constraints J. s sa 0. 
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We start from the metric describing a time-dependent, 
^©(Sj-homogeneous triaxially squashed 3-sphere, 



gtiiy 



dx^ dx" 
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N''it)dt){T\x) + N\t)dt) , 



(which only depend on spatial coordinates x*) satisfy dr" ~ 
^C'^Ij^t'' a t"^ with the usual SO {3) structure constants 
6*"^^ = Eabc- We then parametrize the metric gab{t) in terms 
of three diagonal degrees of freedom /3''(i), a = 1, 2, 3 and of 
the three Euler angles 93° (i) describing the orthogonal matrix 
S'^\{if'^') entering the Gauss decomposition of the symmetric 
matrix g: g^c = X^a e^^'^ -S'^j, S"^^. From these data, we then 
uniquely specify a vielbein coframe 0°" = /i" dx^ as 6^ = 
N{t)dt, 0^ = 2f,e-^°WS'\((/3=(t))(T''(a;) + A^''(t)dt). The 
corresponding (time-dependent, S'0(3)-homogeneous) grav- 
itino field is described by its 16 vielbein components i/'^(i), 
where a = 0, 1, 2, 3 is a four vector index linked to 6*", and 
where A = 1,2,3,4 denotes a Majorana spinor index. Fol- 
lowing previous work, it is convenient to replace tp:^{t) by 
the rescaled gravitino field ^^(i) := g^^^ "0^ where g^^^ = 
exp (-5 ;S°) (with l3° := P^ + l3^ + (3^). This eliminates the 

couplings ^ /3 V in the action. Inserting these definitions in 
the supergravity action L iflTlUSIl . and passing to its Hamilto- 
nian version, in terms of the bosonic momenta iVa = d C/d /3° 



denote the three in- 



andp^a = dHjdw"- (where i(j^,i 
dependent angular velocity components ^ (yi" of the time- 
dependent rotation matrix S : [SS^^Y"- ~ ^abc''^'^) leads 
to an Hamiltonian action of the form (we use units where 
c = /i = 1 and Stt G = V3 = 27r^, so as to absorb the volume 
V3 of the 3-sphere) 
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Here, we suppressed the spinor indices on $ or 7, 'f := 
i^-^7g denotes a Majorana conjugate and N = N/ ^ = 
N exp /3°. We use a Majorana representation of the four Dirac 

). *^ 



gamma matrices 7" (satisfying 7"7'' + 7P7" 
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denotes the combination 'i''- 



*6 



*« 



2n 

Eq. (|2]i ex 







where the left-invariant one-forms t°'{x) 



Tf{x)dx' 



-0 • -u 7o7 
hibits the presence of three types of Lagrange multipliers ap- 
pearing linearly in the action : '^'^ (linked to local supersym- 
metry), A^ (linked to time reparametrizations) and A^" (linked 
to spatial diffeomorphisms). Their variations lead to three 
types of corresponding constraints: the four supersymmetry 
constraints Sa ~ 0, the Hamiltonian constraint iT w 0, and 
the diffeomorphism constraints Ha ~ 0. 

We quantize the constrained dynamics, Eq. (|2]i, by 



first reading off the (anti)conimutation relations among the 
bosonic (fermionic) variables f3°-,'Ka,(p°',Pip'i ^ Pw{^^) 
from the kinetic terms in (|2}- The quantization of the bosonic 
variables is conveniently done in a Schrodinger-like represen- 
tation with the wave function of the universe taken as a func- 
tion of the three logarithmic scale factors /?" and the three 
Euler angles <^°. Then TTa = —id/d/3"-,pipa = —id/df"", 
together with the natural ordering of the Pu,"'s as differential 
operators on the SO{S) space (see UM)- The quantization 
of the gravitino operators '5^ is simplified by introducing the 

new gravitino variables Ill9ll $^4 := ^^ 1°'ab "^f ("^^ sum- 
mation on a), whose quantization conditions read 



^'x^'B + ^'hn 



G'^'Sab. 



(3) 



Here G"'' is the inverse of the metric in /3-space Gab defined 
by Gab /3" /3' = E(/3")' - (E P"?- The metric Gab (which 
also defines the kinetic term of the /3's), has signature — h + 
and plays a crucial role in our problem. The fermionic quan- 
tization conditions (O amount to saying that the 3 x 4 = 12 
redefined gravitino operators $^ constitute a Clifford alge- 
bra in a 12-dimensional space [with signature (+^, —'')]. The 
quantization of the gravitino field is then obtained by repre- 
senting the $'s as 64 x 64 "gamma matrices" which act on a 
64-dimensional "spinorial" wave function of the universe, say 
^(/3°, ip"-). The constraints associated to the Lagrange multi- 
pliers in Eq. ^ are then imposed a la Dirac as conditions on 
the state *: 



Sa'S = 0, H-^^0, Ha'i'^0. 



(4) 



As in the spin-^ case 1IT4I1 . we find that the three diffeomor- 
phism constraints are equivalent to requiring p^a'I'(/3, ip) = 
0, i.e. that the wave function 4* does not depend on the 
three Euler angles ip"-. As the ip's do not appear in the other 
constraints, we are left with finding a spinorial wave func- 
tion ^(/3") satisfying the four supersymmetry constraints to- 
gether with the Hamiltonian one. This raises the usual issue 
of whether, starting from the classical expressions for Sa and 
H, one can define an ordering such that their quantum ver- 
sions Sa, H satisfy an algebra which consistently closes so 
as to allow for the existence of states satisfying Eqs. (JUi. One 
of the crucial results of our work is that we have explicitly 
verified that this is the case. 

Specifically, requiring that the "real" (i.e. Majorana) clas- 
sical Sa be quantized so as to satisfy the same hermiticity 
condition, say S\ ~ Sa, than the $ operators they are built 
from (<l>^^ = $^), determines a unique ordering, of the form 



SA = -W-^n + \Y.^-''\i'^% 



(5) 
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COth/3i2(^12(7'' ^^A + (7'' ^nA S12) 
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where 7^ ~ 76123^ /j^^ ■- pi „ ^2^ ^12 ._ |,i _ ^2^ 

Si2{^) = i[($3 /i2(|,l + $2)) ^ ^1,1 ^012 ^1) (g^ 
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($^^Ui2^^^_ (^i^Ui^i^ 



ST'" = \ E(*o' 7° *a) (7° *a)^ - ^ E(*« ^' ^i) (7' ^b)' 
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with 'I'o' := 75 X^a T" ^a- ^^ '-^^'^ proved that this unique, 
hermitian ordering of Sa defines a corresponding unique or- 
dering of the quantum Hamiltonian H such that the four 
Sa^ satisfy a (super)algebra of the form Sa Sb + Sb Sa = 
'iiJ2c^ABil^)^c + \H5ab- Such an algebra (with Sc 
on the right of L'^^), further implies that the commutator 
[Sa: H] closes on the Sa'^ and H, and is nicely compatible 
with the Dirac quantization of the constraints. We found the 
following explicit form of H (here written after elimination of 
the angles (/s^'s) 

2 H = G''\T:a + i Aa){i:b + i A) + A' + W{p) , (7) 

where TTa = —ida (with da '■— d/d(3"-), and the "vec- 
tor potential" Aa is a pure gradient: Aa = da In F with 
F ~ e^ ^ (sinh/3i2 sinh/323 sinh/33i)~^/®. We separated 
the "potential term" in the Wheeler-DeWitt-(WDW)-type 
equation (|7]i into two parts: (i) the /3-independent operator 
fi^, which plays the role of a spin-dependent "squared-mass" 
operator in the Klein-Gordon-like equation (jTji, and (ii) the (3- 
dependent (and spin-dependent) operator W{/3) whose mean- 
ing will be discussed next. 

One of the main results of this work concerns the Kac- 
Moody structures hidden in the (exact) quantum Hamilto- 
nian (|7]i. First, let us recall that the wave function of 
the universe ^(/3) is (in view of Eq. (O) a 64-component 
spinor of Spin(8,4) which depends on the three logarith- 
mic scale factors f3^,l3'^,P^. In other words, supergrav- 
ity describes a Bianchi IX universe as a relativistic spin- 
ning particle moving in /3-space. The spinorial wave func- 
tion ^(/3) must satisfy four separate Dirac-like equations 
5a* = (+5 $^(9q + ...)* = (where the $^'s are four 
separate sets of 64 x 64 gamma matrices). As shown above, 
these first-order Dirac-like equations imply that 'i> necessarily 
satisfy the second-order, Klein-Gordon-like equation H'i' = 
(-i G'^'^dadb + ...)* = 0. The first basic Kac-Moody fea- 
ture hidden in this dynamics of the universe is the fact that the 
(Lorentzian-signature) metric Gab defining the kinetic term of 
the "/3-particle" is the metric in the Cartan subalgebra of the 
hyperbolic Kac-Moody algebra AE^ I7ij. Next, we find that 
the potential term W{(3) in Eq. O is naturally decomposed 
into three different pieces which all carry a deep Kac-Moody 
meaning. Namely, we have 



#(/3) = W^°%P) + Wf^iP) + M^X(/3) 



sym 



(8) 



Here, 



W'^°\P) = -e-^P' 



-2(P^+I3-') 



cyclic J 



23 



(9) 



is the well-known bosonic potential describing the usual dy- 
namics of Bianchi IX oscillations IdL 12011 . Its Kac-Moody 
meaning is that it is constructed from Toda-like exponen- 



tial potentials 



2Qab(/3) involving the following six linear 



forms in the /3's: <f,(,3) := /3° + /^^ a, 6 = 1,2,3. These 
six linear forms coincide with the six roots of AE^ located 
at level £ = 1 ("gravitational walls", linked to the level- 1 
AE^ "dual-graviton" coset field 4)ab = 4>ba of Ref. J^). The 
purely bosonic (spin-independent) potential VF^°*'(/3) is ac- 
companied, in supergravity, by a spin-dependent complemen- 
tary piece of the form 

+ e-"3^''''j33($)- (10) 

This involves the three dominant (gravitational) Kac-Moody 
roots afi(/3) = 2/3^, etc. each one being coupled to an oper- 
ator that is quadratic in the gravitino variables, namely (mod- 
ulo cyclic permutations) 



Jll{^) = - [ $l7l23(4$l+$2_(_^3>)^ ^.^ 



2 ,,123 A3 



$^]. (11) 



The third contribution to VF(/3) involves the three level-0 Kac- 
Moody roots af2"(/?) ■■= /?' - /3' = /5i2, a^^iP) ■= P^ - 
P^, a3^™ := P'^ — /3^ ("symmetry walls"); each one being 

coupled to an operator that is quartic in the <l>'s, namely 



'''"'^^' 2 sinh2«%"^(/3) 



cyclic 



123 I 



(12) 
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where the spinor operators S'i2($), whose squares enter 
Eq. ( fT2] i. are exactly those defined in Eq. (|6]l above, which 
entered the iS's. 

A truly remarkable fact, which clearly shows the hid- 
den role of Kac-Moody structures in supergravity, is that 
the operators entering H as (spin-dependent) basic blocks, 
'S'i2,S'23,S'3i,>/ii,-/22,>/33 generate (via commutators) a 
Lie-algebra which is a 64-dimensional representation of 
the (infinite-dimensional) "maximally compact" sub-algebra, 
K{AE-i), of AE:i. Indeed, the S"s generate the (£ = 0) 
sub-algebra 50(3) of KiAE^) ([S-iz, -S'23] = +^^31, etc.), 
while we have checked that the gravitational generator Jn 
can be identified with the crucial level- 1 Lie-algebra element 
denoted J a, = Ea, — E^a, in Ref. 111911 . More precisely, we 
found that the generators Sab (a < b), and Jab (with, e.g., 
J12 := —^512,^11], etc.) are second-quantized versions 
of the (first-quantized) level-0 and level- 1 K{AE3) genera- 
tors defining the 12 dimensional vector-spinor representation 
of K{AE3) Qlllil]. [This means that their quantum com- 
mutators with the gravitino operators ^^ reproduce the Lie- 
algebra-bracket actions of J,^jT and X^^ on a "classical" 
vector-spinor gravitino '5^.] 



Finally, let us consider the /3-independent, operator-valued 
squared-mass contribution p^ to the Hamiltonian (|7]). This 
term gathers many complicated, quartic-in-fermions contribu- 
tions (including the infamous ip'^ terms in the original, second- 
order supergravity action). However, at the end of the day two 
remarkable (Kac -Moody-related) facts emerge: (i) fi^ belongs 
to the center of the algebra generated by the K{AE3) gener- 
ators Sab, Jab (i-C- it commutes with all of them), and (ii) the 
quartic operator fi^ can be expressed in terms of the square of 
a very simple operator (which also commutes with Sab, Jab), 
namely, we find 






(13) 



where Cp := 5 Gab ^° 7^^^ ^''- As we shall discuss next, 
Cp is related to the fermion number operator Np by Cf = 
Np-3. 

So far we have presented some of the main formal re- 
sults about our new way of quantizing the supersymmetric 
squashed three-sphere, and their relation to Kac-Moody struc- 
tures. In addition, we succeeded in controlling in detail the 
space of solutions of this model. Let us briefly sketch our re- 
sults. To do so (and to connect our results to previous, partial 
results on the same model), it is useful to combine the (her- 
mitian) operators <t'\ into fermionic annihilation and creation 
operators; 6^ = $ J + i d|, 6^ = $f - i 4^, 5+^ = $ J - i $^, 



f,at 



$g + i$t' which satisfy {b'^,b''J,} = 2G''''S. 



The 64 states of Spin(8, 4) can then be constructed from the 
empty state |0)_ (annihilated by the six b'^'s) by acting with 
a certain number of 6°^^ operators. Actually, Np = Cp + 3 
counts this number of b^ operators. Np commutes with H 
(though not with S) and solutions can be searched for at each 
fermionic level. We found the following results for the com- 
plete space of solutions, say V(^^), of Sa"^ = at level 
Np (i.e. Np^ = Np^y. V(°) = Vl°^ is one-dimensional; 



V2 is two-dimensional; V^^' ^ V^ ' ® V^ ^2 is 



.(2) 



(2) 



and of an 



the direct sum of a three-dimensional space V^ 

(2) 
infinite-dimensional space V^^2 parametrized by one con- 
stant and two (complex) functions of two (real) variables; 



V(3) 



V. 



(3) 



f3) 

^2 00 2 i^ '^1'^ direct sum of two infinite- 



dimensional spaces, each one of which involves as free data 
two parameters and two functions of two variables. Moreover, 
when 4 < Np < 6, there is a duality under which V'-^^-' 
is one-to-one mapped to V^^^^'^'. Our results significantly 
differ from the conclusions of previous works. [One should, 
however, keep in mind that our quantization scheme is some- 
what different from the ones used before.] The most strik- 
ing disagreement is that all previous authors ll9l-tl3ll agreed 
on the inexistence of solutions when Np is odd, while we 
proved the existence of solutions for Np = 1,3 and 5. For in- 
stance at Np = 1 we found a two-dimensional space of solu- 
tions of the form J2a a GafaW) b"^^ |0_), (a = ±) where we 
could compute the explicit form of the three functions fa{P)- 
Even at Np = 2 and 4, where we partially confirm the claim 
of ilU [1211 about the existence of solutions parametrized by 



the same amount of initial data as a Klein-Gordon (or WDW) 
equation, we found extra, discrete solutions. Moreover, at 
Np = and 6, where our results qualitatively agree with 
previous ones, we find some significant differences coming 
from our treatment of the diffeomorphism constraint. E.g. the 
unique "ground state" at Np = reads 



*(") = cxp (-| /3°) (sinh/3i2 sinh/^aa sinh/Sgi 
exp(-iEaexp(-2/3°))|0)_, 



|3/8 



which differs from previous results, notably by the effect of 
sinh Pab factors vanishing on the three symmetry walls. 

Finally, our results allow us to qualitatively describe the 
structure of the general solution (belonging to the infinite - 
dimensional pieces of V'^-*, V^"^-* and V'-'*') near a cosmologi- 
cal singularity. First, in the intermediate asymptotics where 
/3° — /3^ + /3^ + /3"^ (which measures the cologarithm of 
the volume of the universe) is large but not too large, we 
can qualitatively describe the evolution of the state ^(/3) as 
a quantum fermionic billiard. The spinning /3-particle un- 
dergoes a sequence of quantum reflections on the gravita- 
tional and/or symmetry potential walls that appear both in 
the 5's, Eq. Q, and in H, Eq. (jTji. As in the Grassman- 
nian case 11911 , and in the spin-^ toy problem studied in lll4ll . 
we were able to show that the reflections on the various 
walls are given, in the small wavelength limit, by operators 

of the form exp ( —i ^ Saab^aab ) for symmetry walls (with 

^a„6 — 1)' ^iid cxp I —i ^ Jaa ) for the dominant gravita- 
tional walls. This exhibits again a Kac-Moody structure: the 
(small-wavelength) quantum reflections generate a spinorial 
extension of the Weyl group of AE^. On the other hand, in 
the asymptotic regime where /?" — s- +oo (i.e. formally, for 
infinitely small volumes) the qualitative dynamics might be- 
come essentially monitored by the sign of the eigenvalues of 
the squared-mass operator jP. Indeed, in this limit the bil- 
liard walls become more and more separated, so that the /3- 



particle spends more and more "/^''-time" far from the walls, 
i.e. in a domain where W{/3) ^ fl^ in Eq. ^. [The vector 
potential Aa can be eliminated, without changing the other 
terms, by working with the rescaled wave function '^'{(3) = 
i^(/3)~^\l'(/3).] The simple result ([T3]l then suggests that the 
three generic-data components (at levels Np = 2,3,4, i.e. 
Cp = —1, 0, +1) of the wave function of the universe might 
have very different asymptotic behaviors near the singularity. 
Indeed, when Np = 3, Cp = 0, //^ = ^ is strictly pos- 
itive so that the corresponding piece of 'I'(/3) might behave 
like an ordinary massive particle (with an ultimate behavior 
which oscillates in /3°, or, better in p = ^J-GabP^P^ lHIIill, 
with some power-law decay). By contrast, when Np = 2 
{Cp = -l)ox Np = A {Cp = +1), ^^ = -| is strictly neg- 
ative so that the corresponding piece of ^(/3) might behave 
like a tachyon. We leave to future work a discussion of the 
possible physical implications of these behaviors. Let us only 
note here that, contrary to the spin- i case (or to pure gravity), 
where quantization generically allows for arbitrary ordering 
constants in the WDW equation, supergravity (together with a 
natural hermiticity requirement) has uniquely fixed all order- 
ing constants in Sa, and thereby in H. This suggests that one 
should seriously consider the implication (never suggested be- 
fore) of having a tachyonic (/i^ < 0) behavior of part of the 
wave function of the universe near the singularity (located at 
/?° = +oo). Classically, /i^ < would ensure an ultra-chaotic 
behavior near the singularity; quantum mechanically, it allows 
one to impose the boundary condition that ^(/3) vanishes ex- 
ponentially at the singularity. 
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